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Abstract In this paper, a B-spline chained multiple
random matrices representation is proposed to model
geometric characteristics of an elongated deformable
object. The hyper degrees of freedom structure of
the elongated deformable object make its shape esti-
mation challenging. Based on the likelihood function
of the proposed model, an expectation-maximization
(EM) method is derived to estimate the shape of
the elongated deformable object. A split and merge
method based on the Euclidean minimum spanning tree
(EMST) is proposed to provide initialization for the EM
algorithm. The proposed algorithm is evaluated for the
shape estimation of the elongated deformable objects in
scenarios, such as the static rope with various configu-
rations (including configurations with intersection), the
continuous manipulation of a rope and a plastic tube,
and the assembly of two plastic tubes. The execution
time is computed and the accuracy of the shape estima-
tion results is evaluated based on the comparisons be-
tween the estimated width values and its ground-truth,
and the intersection over union (IoU) metric.
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1 Introduction
Elongated deformable objects are deformable objects
which are characterized by a length that is much
longer than their width [1, 2]. Objects of this type
are commonly encountered in daily life, such as ropes,
tubes, and trains. Automatic manipulation tasks such
as grasping, completing surgical sutures or assembling
cable harnesses are challenging due to the hyper de-
grees of freedom structure of the elongated deformable
objects [1, 3, 4]. To improve the manipulation perfor-
mance, it is necessary to provide an accurate perception
model of the elongated deformable object as feedback to
the robotic manipulators. The shape estimation of the
elongated deformable object using data collected from
the perception sensors, such as RGB-D cameras, is a
challenging problem. In this paper, a shape estimation
methodology for elongated deformable objects using a
chained multiple random matrices representation is de-
veloped.
Some works use the physics-based simulation mod-
els such as linked capsules [5, 6], mass-spring models
or finite element method model [7] to represent the
elongated deformable object by considering the phys-
ical constraints of the object [1,5–8]. A variety of regis-
tration algorithms are used to find the correspondences
between the measurements and the predefined nodes on
the simulated physics model. For example, the Gaussian
mixture model (GMM) incorporating coherent point
drift regularization is applied to register the rope nodes
of a dynamic simulation model to the noisy point cloud,
using a stereo camera in [5]. The iterative closest point
(ICP) method is used to estimate the rigid transfor-
mation from a point cloud to a 3D volumetric mesh,
generated by the finite element method in [7]. A mod-
ified expectation-maximization (EM) algorithm is de-
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Fig. 1 (a) Representation of an elongated deformable object
as a B-spline curve chained multiple random matrices model;
(b) The RGB image of the rope; (c) The point cloud and the
shape estimation result of the rope, where the red ellipses are
chained by the yellow B-spline curve and the blue curves are
the offset curves from the B-spline.
signed to directly register a point cloud from an RGB-D
camera to a predefined mechanical model by a physical
simulator in [6]. However, the physical simulation mod-
els only work for linked rigid objects or elastic objects.
The accuracy of the algorithms depends on the physics-
based prior and the physical simulation. A physically
accurate model is used in [8] to model the elongated
deformable object, and the physics-based priors are es-
timated by minimizing a generic energy function based
on the images from a calibrated 3-camera rig.
Elongated deformable objects are also modeled by
graphs or splines in [9, 10]. A linear graph (line seg-
ments and not the shape) is used to represent a rope,
and particle filters based on a predefined score func-
tion are used to infer the rope configuration in [10]. A
region adjacency graph based on the super-pixels from
the image of wires is developed to model the elongated
deformable object in [9]. A method based on topologi-
cal model and knot theory is developed to recognize the
rope conditions in [11]. Based on the point cloud from
an RGB-D camera, Bézier curve chained rectangles are
used to approximate an elongated deformable object,
the corresponding likelihood function is proposed, and
the progressive Gaussian filter is used for the state es-
timation in [2]. However, the paper doesn’t consider
the situation where the elongated deformable object
intersects with itself. A nonuniform rational B-spline
(NURBS) curve is used to model a thin, deformable
surgical suture thread by minimizing the image match-
ing energy between the projected stereo NURBS image
and the segmented thread image [4].
In this paper, an elongated deformable object is
modeled as chained ellipses as shown in Fig. 1 (a), where
the centers of the ellipses are located on a B-spline curve
(brown dash-dotted line). Each ellipse (in yellow) is rep-
resented by a random matrix model (RMM), of which
the center represents the location and the covariance
matrix represents the shape of the ellipse. The RMM
approximation of an elliptical object is widely used
for extended object tracking. Extended object tracking
methods track the position of the centroid and estimate
the shape of the object, given sparse point measure-
ments on the object at each time frame (cf. [12–14]).
The proposed method is based on the point cloud of
the elongated deformable object obtained by an RGB-D
camera. The point cloud generated from the elongated
deformable object is sparse but provides the position
information which can be used as the measurements.
The B-spline chained RMMs can also be used when
both the shape and the length of the object are chang-
ing, e.g. during the manipulations, or when assem-
bling two elongated deformable objects. In addition, the
physical simulation model of the elongated deformable
object is not required to be built beforehand. Techni-
cal contributions of the paper are briefly summarized
as follows:
– A set of chained multiple RMMs is proposed to ap-
proximate the elongated deformable object, of which
the centers are enforced to be located on a B-spline
curve. The corresponding likelihood function is de-
rived. The proposed model both localizes the elon-
gated deformable object and estimates its shape.
– A modified EM algorithm is proposed for the
shape estimation of the elongated deformable ob-
ject, based on the proposed log-likelihood function.
The control points of the B-spline curve, the number
of measurement points associated with each RMM
and the covariance matrices of the RMMs are the
parameters to be estimated by the EM algorithm.
– Because the log-likelihood function is nonconvex, it
is necessary to have a good initialization for the EM
algorithm. Knot sequence of the B-spline curve also
needs to be generated from the unordered measure-
ment points. A split and merge algorithm is pro-
posed for the initialization which uses the Euclidean
minimum spanning tree (EMST) and the breadth
first search (BFS) method.
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The rest of the paper is organized as follows. In Sec-
tion 2, the B-spline curve chained RMMs, its likelihood
function and a corresponding EM method are presented
to estimate the position and shape of the elongated de-
formable object. In Section 3, a split and merge method
based on the EMST and BFS is proposed to initial-
ize the chained RMMs. The shape estimation results
of the rope in different configurations, including non-
intersection and intersection, based on measurements
from the RGB-D camera, are shown in Section 4. The
estimation results of the rope as well as the plastic tube
in scenarios such as continuous manipulations and the
assembly of two plastic tubes are also shown in this sec-
tion. Conclusions and future work are given in Section
5.
2 B-spline Chained Random Matrices Model
2.1 B-spline Curve Representation
A point p(t) ∈ R2×1 on the B-spline curve of degree
d can be interpolated with parameter t from a polyno-
mial, which is defined as a linear combination of n+ 1
control points (de Boor points) bi ∈ R2×1 and basis
functions Ni,d given by [15]
p(t) =
n∑
i=0
biNi,d(t)
0 ≤ t ≤ n− d+ 1
(1)
The basis function Ni,d(t) is defined based on a non-
decreasing knot sequence {ti : i = 0 · · ·n+ d+ 1} as
[15]
Ni,d(t) =
t− ti
ti+d − tiNi,d−1(t) +
ti+d+1 − t
ti+d+1 − ti+1Ni+1,d−1(t)
(2)
which is a recursion function and
Ni,0(t) =
{
1 t ∈ [ti, ti+1)
0 otherwise
(3)
and the knot values ti of the knot sequence are gener-
ated by
ti =

0 0 ≤ i < d+ 1
i− d d+ 1 ≤ i ≤ n
n− d+ 1 n < i ≤ n+ d+ 1
(4)
2.2 Chained Multiple Random Matrices Model
The B-spline chained multiple random matrices model
is used to model the elongated deformable object in this
section as shown in Fig. 1. The multiple random ma-
trices model is the sum of equally weighted K RMMs,
which is defined as
p(Z | θ) =
K∑
k=1
wkφ(Zk|Lk, µk, Σk) (5)
where θ = {(Lk, µk, Σk)}Kk=1, Lk is the number of
measurements assigned to the kth RMM, µk and
Σk are the mean and covariance of the kth cluster,
φ(Zk|Lk, µk, Σk) is the probability distribution of the
measurement points Zk = {zk,l}Lkl=1 from the kth clus-
ter, Z = {zr}Nrr=1 is the set of total number of measure-
ment points, and the weights of the clusters are assumed
to be equal as wk = 1K .
The kth cluster is approximated as an ellipse, and
the measurement points inside the ellipse are assumed
to be distributed as a Gaussian distribution with mean
µk and covariance Σk. The probability of the measure-
ment points Zk = {zk,l}Lkl=1 from the kth ellipse repre-
sented by RMM is [14]
φ(Zk|Lk, µk, Σk) =
Lk∏
l=1
N (zk,l;µk, Σk)
∝ N (zk;µk, Σk
Lk
)×W (Ck;Lk − 1, Σk)
(6)
where the center zk is
zk =
1
Lk
Lk∑
l=1
zk,l (7)
and the scattering matrix Ck is
Ck =
Lk∑
l=1
(zk,l − zk,l)(zk,l − zk,l)T (8)
and W (Ck;Lk−1, Σk) is a Wishart density in Ck with
Lk − 1 degrees of freedom. The statistical sensor errors
are assumed to be neglected, and the physical extension
of the target dominates the spread of measurements in
(6) [14]. If the sensor errors are within the same order
of the magnitude of the target extension, they cannot
be neglected anymore. In this case, the covariance is
Σk = Σp+R, where Σp is a symmetric positive definite
4 Gang Yao et al.
(a) (b) (c) (d)
Fig. 2 Illustration of the initialization procedure: (a) Point cloud from the rope after background subtraction; (b) EMST
of the points, the longest path (orange line segments) and the common vertex (in cyan); (c) Small segments represented by
different colors and the corresponding centers (red points); (d) Graph of centers (blue line segments) and the common vertex
and its 4 closest centers (in cyan).
random matrix representing the physical extension, and
R is the covariance matrix of sensor errors [14].
The brown dash-dotted curve in Fig. 1 (a) is the B-
spline curve, which crosses through the centers of the
clusters. Multiple RMMs with centers located on the
B-spline curve constitute the elongated deformable ob-
ject. The probability of the measurement points Zk =
{zk,l}Lkl=1 from the kth elliptical cluster is defined as
φ(Zk|Lk, ck, Σk) =
ˆ
µk
φ(Zk|Lk, µk, Σk) · p(µk|ck)dµk
(9)
where φ(Zk|Lk, ck, Σk) is the probability distribution
of the measurement points from the kth cluster and
p(µk|ck) = δ(µk − ck) is the Dirac delta function to
enforce the center µk to be located on the B-spline curve
ck.K center points are sampled from the B-spline curve
as
ck = p(tk), k = 1 · · ·K (10)
where ck is the kth center point, and p(tk) is the cor-
responding point on the B-spline curve, which is only
determined by the control points of the B-spline curve
bi in (1), and tk is the corresponding parameter value
of the B-spline curve determined by the centripetal
method [16].
Assuming the kth cluster center ck is located on
the B-spline curve, by putting (6) and (10) into (9)
the probability distribution of the measurement points
from the kth cluster is
φ(Zk|Lk, ck, Σk) ∝ N (zk,l; ck, Σk
Lk
)×W (Ck;Lk−1, Σk)
(11)
The B-spline curve chained multiple random matrices
representation is the sum of equally weightedK RMMs,
which is redefined as
p(Z | θ) =
K∑
k=1
wkφ(Zk|Lk, ck, Σk) (12)
2.3 Expectation-Maximization Method
In this subsection, the EM algorithm is used to estimate
the parameters θ = {(Lk, ck, Σk)}Kk=1 of the B-spline
chained RMMs. The EM algorithm finds the parame-
ters θ∗ = {(L∗k, c∗k, Σ∗k)}Kk=1 corresponding to the max-
imum likelihood by iterating between the expectation
step and the maximization step.
The expectation step assigns each of the Nr mea-
surement points Z = {zr}Nrr=1 to each of clusters by
k∗ = argmax
k=1···K
pk(zr) (13)
where pk(zr) = N (zr; ck, Σk). The parameter Lk is
then determined by counting the number of points in
each cluster. After the assignment of the measurements,
the mean zk and scattering matrixCk are calculated us-
ing (7) and (8). The corresponding parameter tk in (10)
is also recalculated based on the centripetal method
[16].
The maximization step estimates the parame-
ters θ by maximizing the log-likelihood function of
the chained RMMs. The log-likelihood function of the
chained RMMs in (12) is
L(θ) =
K∑
k=1
{
−Lk
2
(ck − zk)TΣ−1k (ck − zk)
−Lk + 1
2
log |Σk| − 1
2
tr(−1
2
CkΣ
−1
k )
}
+ Const
(14)
which is maximized by iterative re-weighted least
squares method [17]. Rewrite (1) in the matrix-vector
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form as ck = Bkb, where Bk is the block diago-
nal matrix as Bk = blkdiag(nTk ,n
T
k ) ∈ R2×2(n+1),
nk =
[
N0,d(tk), · · · Nn,d(tk)
]T ∈ R(n+1)×1, and b =[
bTx , b
T
y
]T ∈ R2(n+1)×1, where bTx and bTy are the con-
trol points in x and y coordinates. Taking the derivative
of the log-likelihood function L(θ) with respect to the
control points b and positive symmetric matrix Σk sep-
arately and setting them equal to 0 yields
b = Q+M (15)
where Q+ is the Moore–Penrose inverse of Q =∑K
k=1 LkB
T
kΣ
−1
k Bk and M =
∑K
k=1 LkB
T
kΣ
−1
k zk, and
Σk =
1
Lk + 1
Lk∑
l=1
(zk,l − ck)(zk,l − ck)T (16)
The iteration between (15) and (16) is carried out
until the value of the log-likelihood function in (14)
stops increasing or the optimization reaches the pre-
defined maximum iteration number.
The orientation of the ellipse and its semi-major
(red arrow) and semi-minor (green arrow) axes are de-
termined by the eigenvalues and eigenvectors of 4Σk as
shown in Fig. 1 (a), assuming that the measurements
are uniformly distributed inside the ellipse and approxi-
mated as a Gaussian distribution in the proposed model
by the moment matching method [14].
In every ellipse, each line perpendicular to the B-
spline curve that passes through the center is found.
The length of the line segment (blue line segment as
shown in Fig. 1 (a)) between the center and its inter-
section with the ellipse is calculated. Then, half of the
width of the rope is determined by the average length
of the calculated line segments. The offset curves are
drawn by off-shifting the B-spline curve by half of the
calculated width of the rope.
The two ends (c1 and cK in Fig. 1 (a)) of the B-
spline curve are the centers of the ellipses representing
the two terminal parts of the rope. The two ends (e1
and e2 in Fig. 1 (a)) of the rope are determined by the
intersections between these ellipses and the lines (red
dashed lines in Fig. 1 (a)) tangent to the B-spline curve
at the centers (c1 and cK in Fig. 1 (a)) of these corre-
sponding ellipses. The length of the rope is determined
by the length of the B-spline curve and the lengths of
the line segments (red dashed lines in Fig. 1 (a)) be-
tween the two ends of the rope and the centers of the
corresponding ellipses.
(a) (b)
Fig. 3 The binary image of the point cloud (in white) from
the rope and the linearization of the intersection points: (a)
The pixels (in red) obtained by the dilation and thinning of
the binary image, and the intersection points (in green); (b)
The pixels linearized by the Bresenham algorithm.
3 Initialization for B-spline Chained RMMs
The elongated deformable object may have parts which
are very close to one another or have intersections with
itself. The initialization step is to generate the general
configuration of the elongated deformable object from
the point cloud and to trace a B-spline curve embed-
ded in the unordered measurement points. A split and
merge method is proposed to initialize the algorithm in
this section. The rope is first split into small segments
and then the configuration of the rope is obtained by
building the graph of the centers of the small segments.
The initialization procedure is shown in Fig. 2.
Before the initialization procedure, the pre-
processing stage is done to find the medial skeleton of
the point cloud. The point cloud of the rope after back-
ground subtraction is shown in Fig. 2 (a). Then, the
point cloud is converted into a binary image which is
then dilated and thinned. The pixels (in red) after dila-
tion and thinning are obtained as shown in Fig. 3. The
intersection part of the rope (in green) is linearized by
the Bresenham algorithm (see [11]). Then the pixels are
converted back to the point cloud with position infor-
mation as shown in Fig. 2 (b). Other methods to find
the medial skeleton of the point cloud can also be used
in this stage [18].
3.1 Split Step
The first step of the split and merge method is to di-
vide the obtained point cloud into smaller segments, as
shown in Algorithm 1. First, an EMST is constructed
based on the points. The EMST is an acyclic edge-
weighted graph T = (V, E), where V is the vertices set
and E is the set of the edges connecting every two ver-
tices vi,vj ∈ V and i 6= j. The weight of the edge is
defined as the Euclidean distance of the two vertices
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 = ‖vi − vj‖ [19, 20]. The EMST is constructed by
selecting the set of connected edges to ensure the sum-
mation of the weights of the edges is minimum. The
Prim’s algorithm is used to generate the EMST [20].
After the construction of the EMST, the longest
path of the EMST is found by two breadth first searches
(BFS) [20]. The first BFS is used to traverse the EMST
with a random chosen vertex from the EMST, and the
path with the largest weight and one end point of the
longest path are found. Then, another BFS traverses
the EMST, starting with the end point that was found
in the prior iteration. The longest path P = (Vp, Ep)
is found which is also the longest path of the EMST
T = (V, E), where Vp ⊂ V and Ep ⊂ E . The orange line
segments shown in Fig. 2 (b) are the longest path of
the EMST T = (V, E).
Fig. 4 Adjustment of the ellipses with overlaps.
Algorithm 1: The segmentation of the elongated
deformable object
Set the threshold γ;
Obtain the point cloud Z = {zr}Nrr=1;
Build the EMST T = (V, E);
Find the longest path of the EMST P = (Vp, Ep) by
BFSs;
Delete Ep, then there are many small clusters (trees)
C = {Ch}Jhh=1;
Initialize empty sets A and B;
Initialize h = 1;
while h ≤ Jh do
Calculate Dh in (17);
if Dh > γ then
Append Ch to A;
end
else
B = B ∪ Ch;
end
h = h+ 1;
end
Append B to A;
After the construction of the EMST and the longest
path P = (Vp, Ep) is found, the EMST is segmented into
smaller disconnected clusters (or trees) by deleting the
Ep from the EMST T . Then, there are some small trees
C = {Ch}Jhh=1 left. The distance Dh between Ch and Vp
is defined as
Dh = sup {inf{‖ui − vj‖ |∀vj ∈ Vp}|∀ui ∈ Ch} (17)
where vj are vertices from Vp and ui are vertices from
Ch. If Dh is larger than a predefined threshold γ, the
cluster Ch and the Vp are from different regions of
the rope, instead of the small branches of the P . Af-
ter the On different parts (or smaller clusters) of the
rope A = {An}Onn=1 are found, the common vertices
VC = {vc|vc ∈ A\B,vc ∈ VP , c = 1, · · · , On− 1} of the
On clusters are also found, where the points of B are
from the same region of the rope as VP . The common
vertices have more than 2 edges connected with them. If
the distance between some common vertices are smaller
than the predefined threshold γ, their mean values are
used to represent them. The EMST is segmented into
On = 2 clusters (orange and blue line segments) shown
in Fig. 2 (b).
Each cluster is an EMST and the longest path with
two end points are found by two BFSs. Starting with
one end point, the cluster is divided into Mn smaller
segments Sn = {Su,n}Mnu=1 ⊂ An, with each segment
Su,n satisfying
sup{‖zi − zj‖ |∀zi, zj ∈ Su,n, i 6= j} ≤ H (18)
where H is a predefined parameter and z is the point
inside the smaller segments Su,n. The center of each
segment cu,n is calculated as
cu,n =
1
Lu,n
Lu,n∑
i=1
zi, zi ∈ Su,n (19)
where Lu,n is the number of points in segment Su,n.
The segments are shown with different colors and the
red points are the centers of the segments in Fig. 2 (c).
3.2 Merge Step
Previously the elongated target is subdivided into small
segments and the centers of the segments are found.
In this step, the order information of the centers is
generated and a B-spline curve is traced, which rep-
resents the global shape and configuration information
of the target as shown in Algorithm 2. At first, a graph
Tm = (Vm, Em) is created, such that the center of
each segment constitutes the vertex cu,n ∈ Vm and the
edges are built by connecting the centers of nearby seg-
ments in each cluster An as {cu,n, cu+1,n} ∈ Em and
u = 1, · · · ,Mn − 1.
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Algorithm 2: The ordering of the centers and
B-spline interpolation
Set the distance H;
Given the On clusters A = {An}Onn=1;
Given the common vertices
VC = {vc|vc ∈ A\B,vc ∈ Vp, c = 1, · · · , On − 1};
Initialize n, c = 1;
while n ≤ On do
Divide An into smaller segments Sn = {Su,n}Mnu=1
satisfies (18);
Calculate cu,n in (19);
Create the graph Tm = (Vm, Em) with cu,n ∈ Vm
and {cu,n, cu+1,n} ∈ Em and u = 1, · · · ,Mn − 1;
n = n+ 1;
end
while c ≤ On − 1 do
Find the centers Q = {cq}4q=1 ⊂ Vm closest to vc,
and delete edges between them;
Calculate vectors dq;
Find the two pairs (i∗, j∗), based on (20);
Create the edges e;
Em = Em ∪ e;
Vm = Vm ∪ vc;
c = c+ 1;
end
Complete the graph Tm = (Vm, Em);
Fit B-spline by the ordered centers and readjust the
centers;
For the common vertex vc ∈ VC , the closest four
centers are found Q = {cq}4q=1 ⊂ Vm. The edges be-
tween these four centers are deleted and the new edges
between them are found in the following way. The vec-
tors dq =
vc−cq
‖vc−cq‖ are calculated, and the pair (i
∗, j∗)
is found that meets
arg min
i,j∈q,i 6=j
‖di + dj‖ (20)
The vertex vc is added to the graph as Vm = Vm ∪ vc.
Then, the edges are generated as e1 = {ci∗ ,vc} and
e2 = {vc, cj∗}, which connect between vc and the two
centers ci∗ and cj∗ , giving the minimum value of (20).
The edges e1 and e2 are added to the graph Tm as
Em = Em ∪ e1 and Em = Em ∪ e2. The 2 remaining cen-
ters are connected as another edge e3 and it is added
to the graph Tm as Em = Em ∪ e3. Finally, the graph
Tm = (Vm, Em) is completed by adding an edge to the 2
centers of the closest end segments from different clus-
ters to make all the centers ordered.
The initial B-spline curve is interpolated by the or-
dered centers using (15) and (16). The ellipses may have
overlaps as shown in Fig. 4. The centers are adjusted
to decrease the overlap between ellipses by using the
following formula:
ck =
(g1 + g2) + (g3 + g4)
4
(21)
where ck is the center of the kth ellipse, g1 and g4 are
the endpoints of the kth ellipse, g2 is the endpoint of the
(k − 1) th ellipse and g3 is the endpoint of the (k + 1) th
ellipse. The centers are deleted if their distances to the
common vertices are smaller than H.
4 Experimental Results
In order to validate the proposed B-spline chained
RMMs, a series of experiments are performed to es-
timate the shape of the elongated deformable objects.
Intersection over union (IoU) is used as the metric to
evaluate the accuracy of shape estimation of the pro-
posed algorithm. The IoU is defined as the area of in-
tersection of the estimated shape and the true shape
divided by the union of the two shapes [2]
IoU =
area(θ∗) ∩ area(θˆ)
area(θ∗) ∪ area(θˆ) (22)
where θˆ is the true shape parameters and θ∗ is the esti-
mated shape parameters. IoU is between 0 and 1, where
the value 1 corresponds to a perfect match between the
estimated area and the ground-truth. Since the ground-
truth of the position and the shape of the elongated
deformable object is difficult to obtain, the measure-
ments from the RGB-D camera are used as the ground-
truth [2]. The measurement noise is neglected because
it is small compared to the area of the elongated de-
formable object. The ground-truth is constructed by
creating a 1px × 1px rectangle at each measurement
point and taking the union of all the rectangles [2].
The dilation and erosion methods are applied to ensure
that the pixels are fully connected while preserving the
boundary of the target.
4.1 Shape Estimation Results of The Static Rope
A red nylon dock line with width of 15.8mm and length
of 930mm is used in the first part of the experiment.
The rope is manipulated to 6 different shapes either
with or without intersection. A green cloth is used as
the background. A Microsoft R© Kinect camera is used to
obtain a point cloud of the rope. Plane fitting method
and clustering algorithms are applied to subtract the
rope point cloud from the background. The point clouds
of the rope with 6 different configurations are shown in
Fig. 5.
The shape estimation results on 6 different configu-
rations of the rope are shown in Fig. 6. Each sub-figure
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(a) (b) (c)
(d) (e) (f)
Fig. 5 Point clouds of the rope in different configurations obtained from an RGB-D camera.
Table 1 The estimated width and IoU values of the rope in
6 different configurations.
Configuration 1 2 3 4 5 6
Width (mm) 11.4 11.2 13.7 13.0 12.3 14.9
IoU 0.752 0.738 0.731 0.732 0.736 0.715
IoU [6] 0.683 0.654 0.632 0.603 0.642 0.520
includes two plots. The left plot is the initialization re-
sult. The gray measurement points are the measure-
ments from the rope. The colored segments are the ini-
tial segments. The red dots are the centers of each seg-
ment and the blue line segments are the initial graph of
the centers. The right plot is the estimated shape of the
rope. The segmented measurement points are denoted
by different colors. The red ellipses represent multiple
RMMs and the red curve is the B-spline curve of the
centers of the ellipses. The offset curves in blue in Fig 6
are created by shifting the estimated B-spline curve by
half of the estimated width of the rope. The H value in
(18) in the initialization procedure is set to 30mm. The
degree of the B-spline curve is set to 2 and the number
of the control points is set to 13 for all 6 configurations.
The maximum iteration number of the EM algorithm
is set to 3.
The estimated width of the rope and the IoU val-
ues are shown in Table 1. The estimated width is
smaller than the true width (15.8mm) and the aver-
age IoU value over 6 configurations is 0.734. Because
the surface of the rope is not flat, the detection of the
edge points of the rope using Kinect sensor is hard.
This causes the estimates of the width of the rope
Table 2 Typical execution time for initialization and EM
algorithms with the rope in 6 different configurations.
Configuration 1 2 3 4 5 6
Initialization (sec) 0.195 0.196 0.199 0.221 0.212 0.215
EM (sec) 0.296 0.291 0.283 0.253 0.248 0.252
to be smaller than the ground-truth. Algorithm in [6]
is also applied to estimate the shape of the rope in
6 configurations, of which the code is publicly avail-
able (http://rll.berkeley.edu/tracking/). The al-
gorithm in [6] models a virtual rope as a set of serial-
linked capsules in a simulation. The radius of the cap-
sules is set as 7.9mm and other parameters are set to
the default settings. The shape estimations of the pro-
posed algorithm are more accurate compared with the
algorithm in [6], based on the IoU values shown in Table
1.
The experiments are performed by measuring the
elongated deformable object on a tabletop with an
RGB-D sensor. The sensor only detects the top sur-
face of the elongated deformable object closest to the
sensor. Thus, the two dimensional shape is estimated by
the proposed algorithm and the third dimension is de-
termined by the tabletop. However, the proposed model
can be extended to estimate the shape of the rope in
three dimensional space. The control points of the B-
spline curve in (1) can be extended into three dimen-
sions as bi ∈ R3×1 [15]. RMM can also be extended
into three dimensions to represent an ellipsoid [14].
The codes of the initialization and EM algorithms
were run in MATLAB R© R2019b on a Windows 10
PC with Intel R© i7− 9700k@3.60GHZ processor and
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Fig. 6 Shape estimation results on the rope in 6 different configurations. For each sub-figure (a)-(f), the left plot is the
initialization result and the right plot is the estimated shape of the rope.
32.0GB of RAM. The typical execution time for initial-
ization and EM algorithms are shown in Table 2. The
most time consuming parts of the initialization stage
are building the EMST and the calculation of the dis-
tance Dh in (17). The time complexity of building the
EMST is O(|E| log |V|), where |E| and |V| are the num-
ber of edges and vertices in graph T = (V, E) [20]. The
calculation of distance Dh in (17) requires O(|Vp| |Ch|)
operations, where |Vp| is the number of vertices from
Vp and |Ch| is the number of vertices from Ch. The
time complexity of the EM algorithm is determined
by the expectation stage, which assigns the measure-
ments into different ellipses. The time complexity is
O(KNr), where Nr is the number of the measurements
Z = {zr}Nrr=1 and K is the number of clusters. In order
to reduce the execution time for the shape estimation
of the elongated deformable object, parallel computing
can be used or the number of measurements can be
uniformly down sampled.
4.2 Shape Estimation Results During Manipulations
and Assembly
The previous experiments show the shape estimation of
the rope in 6 different configurations, based on the mea-
Table 3 The average execution times and average IoU values
of the rope and the plastic tube during manipulations.
Video name Rope1 Rope2 Tube1 Tube2 Assembling
shape change
√ √ √ √ √
length change
√ √ √
execution time
(sec/frame)
0.343 0.422 0.450 0.445 0.441
IoU 0.727 0.709 0.799 0.768 0.819
surements from one frame. The proposed EM algorithm
is also used for shape estimation of the elongated de-
formable object over multiple frames. The IoU value be-
tween the estimated shape of the previous time step and
the current measurements is calculated for each frame.
If the calculated IoU value is smaller than a threshold,
the initialization procedure is rerun in consideration of
the abrupt changes of the shape or the length of the
elongated object.
Besides the red nylon dock line, a flexible red plastic
tube with modifiable shape and length is also used in
the experiments. The elongated deformable objects are
manipulated in 5 different scenarios. The scenarios and
the estimated results are recorded as videos (see the
multimedia attachment). Each video has 50 frames of
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(a) Rope1 (b) Rope2 (c) Tube1 (d) Tube2 (e) Assembling
Fig. 7 Shape estimation results on the rope and the plastic tube during manipulations. For each sub-figure (a)-(e), the 1st
frame, the 25th frame and the 50th frame are shown from top to bottom.
point cloud measurements. The video ‘Rope1’ shows the
scenario that the rope is manipulated from the shape
‘s’ to the shape ‘9’. The video ‘Rope2’ demonstrates
the scenario when the rope changes from one inter-
section configuration to non-intersection configuration.
The ‘Tube1’ shows that the plastic tube is stretched
and squeezed which changes both the shape and the
length. The video ‘Tube2’ illustrates that one part of
the plastic tube is stretched at a time and the red plas-
tic tube is manipulated from the shape ‘L’ to the shape
‘M’. The last video ‘Assembling’ shows the situation
when two plastic tubes are assembled together as one
tube.
The typical frames and the estimation results are
shown in Fig. 7. The description of the videos and
the estimation results, including the average IoU value
and the average execution time over 50 frames for each
video, are shown in Table. 3. Algorithm in [6] is ap-
plied to estimate the shape of the rope in ‘Rope1’ and
‘Rope2’ scenarios. The average IoU values for ‘Rope1’
and ‘Rope2’ scenarios are 0.505 and 0.608 separately.
The proposed algorithm achieves better accuracy in
terms of IoU. Because the Algorithm in [6] uses linked
rigid objects as the simulation model of the rope, it can-
not work for the scenarios (e.g. ‘Tube1’, ‘Tube2’ and
‘Assembling’) when the elongated object are changing
both length and shape during the manipulations.
5 Conclusions and Future Work
To localize the elongated deformable object and to es-
timate its shape, a B-spline chained multiple RMMs
representation and its corresponding EM algorithm are
developed in this paper. Based on the sparse measure-
ments from an RGB-D camera, the proposed algorithm
approximates the elongated deformable object as a set
of chained ellipses by using a B-spline curve. Each el-
lipse is represented by an RMM, of which the center
represents the location and the covariance matrix de-
termines the shape of the ellipse. All the centers are
enforced to be located on a B-spline curve, which rep-
resents the shape of the elongated deformable object.
The EM algorithm and its initialization method are pre-
sented to estimate the control points of the B-spline
curve as well as the RMMs. The performance of the
proposed shape estimation algorithm is evaluated us-
ing real measurements of a red dock line in 6 different
configurations. The proposed algorithm is also used to
estimate the shapes in scenarios such as the continu-
ous manipulation and the assembly of elongated de-
formable objects. From the experimental results, it can
be concluded that the B-spline curve chained RMM al-
gorithm is capable of estimating the shape of the elon-
gated deformable object configured as intersecting and
non-intersecting shapes. The case when the rope has
more than one intersection, has knots or is piled up
will be studied in the future work.
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